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An asymptote is a straight line that a curve approaches but never touches or crosses as the curve extends 

to infinity. Asymptotes can be:

1)  Horizontal asymptotes: The curve approaches a fixed horizontal line as 𝑥 → ±∞.

2)  Vertical asymptotes: The curve approaches a vertical line as 𝑥 approaches a specific value where 

the function is undefined.

Asymptote

𝑥 = 2  vertical asymptote

𝑦 = 1 horizontal asymptote
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This function is called the reciprocal function.

The graph of a reciprocal function is a hyperbola.

𝒙

𝒚

10−2 2−1

-1−0.5

𝑦 =
1

𝑥

𝑦 =
1

−2
= −0.5

𝑦 =
1

𝑥

𝑦 =
1

−1
= −1

𝑥 = 0
The equation of 

vertical asymptote
𝑦 = 0

The equation of 

horizontal asymptote

The reciprocal functions have a vertical asymptote and a horizontal asymptote.

To sketch the reciprocal function 𝑦 =
1

𝑥

you always can use this table:

𝒚 =
𝒂

𝒙
+ 𝒄 or      𝒇 𝒙 =

𝟏

𝒙
+ 𝒄

Sketch

reciprocal function

1 0.5
vertical 

asymptote
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EXAMPLE Sketch the graph of the function 𝒚 =

−𝟐

𝒙
.

𝑥 = 0 The equation of 

vertical asymptote
𝑦 = 0

The equation of 

horizontal asymptote

This function is called the reciprocal function.

The graph of a reciprocal function is a hyperbola.

𝒙

𝒚

1

asymptote

0

−2

−2 2−1

2 −11

𝑦 =
−2

𝑥

𝑦 =
−2

−2
= 1

𝑦 =
−2

𝑥

𝑦 =
−2

−1
= 2

𝑦 =
−2

𝑥

𝑦 =
−2

2
= −1

𝑦 =
−2

𝑥

𝑦 =
−2

1
= −2

𝑦 =
−2

𝑥

𝑦 =
−2

0
𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒
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For example, if 𝑎 = 1, 𝑏 = 2 𝑎𝑛𝑑 𝑐 = 0, we construct tables of values 

and draw the graph 𝒚 = 2𝑥.

This function is called the exponential function.

The exponential functions have only a horizontal asymptote. 𝒚 = 𝒄

𝑥

𝑦

10−1

𝑦 = 2𝑥

𝑦 = 2−1

𝑦 =
1

2
= 0.5

𝑦 = 2𝑥

𝑦 = 20

𝑦 = 1

𝑦 = 2𝑥

𝑦 = 21

𝑦 = 2

210.5

𝑦 = 0The equation of 

horizontal asymptote

Sketch

exponential 

function

𝒇(𝒙) = 𝒂𝒃𝒙 + 𝒄 𝒚 = 𝒂𝒃𝒙 + 𝒄or



m
ath

em
aticsch

ap
ters.co

m
EXAMPLE

This function is an exponential function.

𝑥

𝑦

10−1

𝑦 = 3−𝑥

𝑦 = 3−(−1)

𝑦 = 3

𝑦 = 3−𝑥

𝑦 = 30

𝑦 = 1

𝑦 = 3−𝑥

𝑦 = 3−(1)

𝑦 =
1

3
= 0.33

0.3313

𝑦 = 0
The equation of 

horizontal asymptote

sketch the graph of the function 𝒚 = 𝟑−𝒙.
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EXAMPLE

𝑥

𝑦

10−1

𝑦 = 2 × 3𝑥 + 1

𝑦 = 2 × 3(−1)+1

𝑦 =
2

3
+ 1 = 1 ⋅ 67

𝑦 = 2 × 3𝑥 + 1

𝑦 = 2 × 3(0)+1

𝑦 = 3

𝑦 = 2 × 3𝑥 + 1

𝑦 = 2 × 3(1)+1

𝑦 = 7

1.67 3 7

𝑦 = 1The equation of 

horizontal asymptote

sketch the graph of the function 𝒚 = 𝟐 × 𝟑𝒙 + 𝟏.
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Sketch the curve of 𝑦 = −𝑥3 + 4𝑥2 − 4𝑥.

Step 1

▪ To find the x-axis intercept of a function, substitute y = 0 and solve for x.

▪ To find the y-axis intercept of a function, substitute x = 0 and solve for y.

Find the intersection of the graph with the coordinate axes.

𝒚 = 𝟎 𝒙 = 𝟎

𝑦 = −𝑥3 + 4𝑥2 − 4𝑥

0 = −𝑥3 + 4𝑥2 − 4𝑥

𝑥(−𝑥2 + 4𝑥 − 4) = 0 𝑥 =2

The coordinates of the 

points where the graph 

intersects the x-axis. 𝑦 = 0 𝑦 = 0

𝑥 = 2 𝑥 = 0

𝑦 = −𝑥3 + 4𝑥2 − 4𝑥

𝑦 = (0)3+4 0 2 − 4(0)

𝑦 = 0

𝑥 = 0
𝑦 = 0

The coordinates of the 

point where the graph 

intersects the y-axis.

𝑥 = 0

(−𝑥2+4𝑥 − 4) = 0 𝒙 =
−𝒃 ± 𝒃𝟐 − 𝟒𝒂𝒄

𝟐𝒂 𝑥 =2

The repeated root

Note:

The repeated root  𝑥 = 2 implies that the graph 

just touches  the x-axis at this point.

Example
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Step 2 Find the stationary points

The coordinates of the 

points where the graph 

intersects the x-axis. 𝑦 = 0 𝑦 = 0

𝑥 = 2 𝑥 = 0 𝑥 = 0
𝑦 = 0

The coordinates of the 

point where the graph 

intersects the y-axis.

▪ Find the 𝑓′(𝑥).

▪ Solve the equation  𝑓′ (𝑥) = 0

▪ Substitute 𝑥 in the function equation by the values of the found 𝑥-coordinate

𝑦′ = −3𝑥2 + 8𝑥 − 4

0 = −3𝑥2 + 8𝑥 − 4 𝑥 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎
𝑥 =

−8 ± (8)2−4(−3)(−4)

2(−3)

𝑥 = 2

𝑥 =
2

3

𝑥 = 2 𝑥 =
2

3

𝑦 = −(2)3 + 4(2)2−4 2 = 0 𝑦 = −(
2

3
)3 + 4(

2

3
)2−4

2

3
= −1.18
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Step 3 Graph’s shape

The coordinates of the 

points where the graph 

intersects the x-axis. 𝑦 = 0 𝑦 = 0

𝑥 = 2 𝑥 = 0 𝑥 = 0
𝑦 = 0

The coordinates of the 

point where the graph 

intersects the y-axis.

▪ If 𝑎 > 0 the graph’s shape is          for two or three x-axis    or          for one x-axis.              

▪ If 𝑎 < 0 the graph’s shape is           for two or three x-axis   or          for one x-axis. 

𝑥 = 2 𝑥 =
2

3
𝑦 = 0 𝑦 = −1.18stationary points
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Sketch the curve of 𝑦 = 𝑥3 + 8.

𝑦 = 𝑥3 + 8

0 = 𝑥3 + 8 𝑥3 = −8 𝑥 =
3

−8 𝑥 = −2

𝒚 = 𝟎 𝒙 = 𝟎

𝑦 = (0)3+8 𝑦 = 8

The coordinates of the 

points where the graph 

intersects the x-axis. 𝑦 = 0

𝑥 = −2 𝑥 = 0

𝑦 = 8

The coordinates of the 

point where the graph 

intersects the y-axis.

𝑦′ = 3𝑥2

0 = 3𝑥2 𝑥 = 0

𝑦 = (0)3+8 𝑥 = 0 𝑦 = 8stationary point

If 𝑎 > 0 the graph’s shape is          for two or three x-axis    or          for one x-axis.              

Example
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