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A quadratic equation is an equation of the form  𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎 where a, b, and c are constants, a ≠0.

There are three methods to solve quadratic equations:

▪ Factorisation

▪ Completing the square

▪ Using the quadratic formula

The roots or solutions of a quadratic equation are the values of 𝑥 that satisfy the equation.

Quadratic equations
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The roots of a quadratic equation can be found by factorising the quadratic expression into two 

brackets and setting each bracket to 0 to derive two solutions, called roots

The general steps to solve a quadratic by factorisation are as follows:

1 If necessary, rearrange the quadratic into the form 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎 

2 Multiply a by c, then find 2 factors of ac whose sum is equal to b.

3 Once we have the correct factors, replace 𝒃𝒙 with these factors.

Take a common factor of the first two terms then do the same for the last two 

terms. You should notice that you have two brackets the same.
4

5 Use the Null Factor law:  If 𝒑 × 𝒒 =  𝟎 then 𝒑 =  𝟎 or 𝒒 =  𝟎.

Factorisation
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Example Solve the following equation by factorisation.

𝑥2 + 6 = 5𝑥

Step 1 If necessary, rearrange the quadratic into the form 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎 

𝑥2 + 6 = 5𝑥 𝑥2 − 5𝑥 + 6 = 0

Step 2 Multiply a by c, then find 2 factors of ac whose sum is equal to b.

1 × 6 = 6 Factors of 6 𝟔, 𝟏 -6,-1 2,3 -2,-3

sum is equal to b. −𝟐 + (−𝟑) =  −𝟓

→

Step 3 Once we have the correct factors, replace 𝒃𝒙 with these factors.

𝑥2 − 2𝑥 − 3𝑥 + 6 = 0

Step 4
Take a common factor of the first two terms then do the same for the last two 

terms. You should notice that you have two brackets the same.

𝑥2 − 2𝑥 − 3𝑥 + 6 = 0 → 𝑥(𝑥 − 2) − 3(𝑥 − 2) = 0 → (𝑥 − 2)(𝑥 − 3) = 0

Step 5 Use the Null Factor law:  If 𝒑 × 𝒒 =  𝟎 then 𝒑 =  𝟎 or 𝒒 =  𝟎.

(𝑥 − 2)(𝑥 − 3) = 0 →
𝑥 − 2 = 0 𝑥 = 2

𝑥 − 3 = 0 𝑥 = 3

The equation has two 

distinct real roots.
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Example Solve the following equation by factorisation.

2𝑥2 − 9𝑥 = 5

2𝑥2 − 9𝑥 = 5 2𝑥2 − 9𝑥 − 5 = 0

2 × −5 = −10
Factors of -10 −𝟏𝟎, 𝟏 10,-1 -2,5 2,-5

sum is equal to b. −10 + 1 = −9

→

2𝑥2 − 9𝑥 − 5 = 0

2𝑥2 − 10𝑥 + 𝑥 − 5 = 0 → 2𝑥 𝑥 − 5 + (𝑥 − 5) = 0 → (𝑥 − 5)(2𝑥 + 1) = 0

(𝑥 − 5)(2𝑥 + 1) = 0 →
𝑥 − 5 = 0 𝑥 = 5

2𝑥 + 1 = 0 𝑥 =
−1

2

The equation has two 

distinct real roots.
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Example Solve the following equation by factorisation.

𝑥2 −
2𝑥

3
− 7 = 0

𝑥2 −
2𝑥

3
− 7 = 0 3𝑥2 − 2𝑥 − 21 = 0

3 × −21 = −63 Factors of -63 −𝟔𝟑, 𝟏 𝟔𝟑, −𝟏 -9, 7 9,-7

sum is equal to b. −9 + 7 = −2

→

3𝑥2 − 2𝑥 − 21 = 0

3𝑥2 − 9𝑥 + 7𝑥 − 21 = 0 → 3𝑥 𝑥 − 3 + 7(𝑥 − 3) = 0 → (𝑥 − 3)(3𝑥 + 7) = 0

(𝑥 − 3)(3𝑥 + 7) = 0 →
𝑥 − 3 = 0 𝑥 = 3

3𝑥 + 7 = 0 𝑥 =
−7

3

The equation has two 

distinct real roots.

× 3
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Example Solve the following equation by factorisation.

9𝑥2 + 4 = 12𝑥

9𝑥2 + 4 = 12𝑥 9𝑥2 − 12𝑥 + 4 = 0

9 × 4 = 36
Factors of 36 𝟑𝟔, 𝟏 -36,-1 -6,-6 -4,-9

sum is equal to b. −6 + (−6) = −12

→

9𝑥2 − 12𝑥 + 4 = 0

9𝑥2 − 6𝑥 − 6𝑥 + 4 = 0 → 3𝑥 3𝑥 − 2 − 2(3𝑥 − 2) = 0 → (3𝑥 − 2)(3𝑥 − 2) = 0

(3𝑥 − 2)2 = 0 →
3𝑥 − 2 = 0 𝑥 =

2

3

3𝑥 − 2 = 0 𝑥 =
2

3

The equation has one 

real roots.

(Repeated root)
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Example Solve the following equation by factorisation.

3𝑥2 = 12𝑥

3𝑥 = 0

𝑥 − 4 = 0

𝑥 = 0

𝑥 = 4

3𝑥2 = 12𝑥 3𝑥2 − 12𝑥 = 0

3𝑥2 − 12𝑥 = 0 3𝑥 𝑥 − 4 = 0
The equation has 2 

distinct real roots.
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Example Solve the following equation by factorisation. 5

2
𝑥 = 5𝑥2

5𝑥(
1

2
− 𝑥) = 0

5𝑥 = 0

1

2
− 𝑥 = 0

𝑥 = 0

𝑥 =
1

2

The equation has 2 

distinct real roots.

5

2
𝑥 − 5𝑥2 = 0 → 5𝑥(

1

2
− 𝑥) = 0
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Another method for solving quadratic equations is completing the square which involves 

rearranging the quadratic expression into a completed square form and then solving for x by 

taking the square root of both sides.

The general steps to solve a quadratic by completing the square as follows:

1 If necessary, rearrange the quadratic into the form 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎, then

rewrite the quadratic expression as a complete square.

𝒂(𝒙 + 𝒑)𝟐 + 𝒒 = 𝟎  where 𝒑 =
𝒃

𝟐𝒂
 and 𝒒 = 𝒄 −

𝒃𝟐

𝟒𝒂

2 Solve the equation. 𝒂(𝒙 + 𝒑)𝟐 + 𝒒 = 𝟎

Completing the square 

𝒂(𝒙 + 𝒑)𝟐 = −𝒒 (𝒙 + 𝒑)𝟐 =
−𝒒

𝒂
𝒙 + 𝒑 = ±

−𝒒

𝒂
𝒙 = ±

−𝒒

𝒂
 − 𝒑
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Example Solve the following equation by completing the square.

𝑥2 − 2𝑥 − 4 = 0

If necessary, rearrange the quadratic into the form  𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎, 
then rewrite the quadratic expression as a complete square.

𝒂(𝒙 + 𝒑)𝟐 + 𝒒 = 𝟎 where 𝒑 =
𝒃

𝟐𝒂
 and 𝒒 = 𝒄 −

𝒃𝟐

𝟒𝒂

Step 1

𝑥2 − 2𝑥 − 4 = 0

𝑎 = 1

𝑏 = −2
𝑐 = −4

Step 2 Making x the subject of the formula to solve the equation. 𝒂(𝒙 − 𝒑)𝟐 + 𝒒 = 𝟎 

𝒂(𝒙 + 𝒑)𝟐 = −𝒒 (𝒙 + 𝒑)𝟐 =
−𝒒

𝒂
 𝑥 + 𝑝 = ±

−𝑞

𝑎
𝑥 = ±

−𝑞

𝑎
− 𝑝→ → →

𝑥 − 1 2 − 5 = 0 𝑥 − 1 2 = 5→ → (𝑥 − 1) = ± 5 → 𝑥 = ± 5 + 1

𝑥 = 5 + 1 = 3.24  and 𝑥 = − 5 + 1 = −1.24 The equation has 2 distinct real roots.

𝒑 =
𝒃

𝟐𝒂

=
 (−2)

2(1)
= −1

𝒒 = 𝒄 −
𝒃𝟐

𝟒𝒂

= −4 −
(−2)2

4(1)

= −5

𝒂(𝒙 + 𝒑)𝟐 + 𝒒 = 𝟎 

1(𝑥 + (−1))2 + −5 = 0
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Example Solve the following equation by completing the square.

2𝑥2 + 16𝑥 = 7

2𝑥2 + 16𝑥 − 7 = 0

𝑎 = 2

𝑏 = 16
𝑐 = −7

2 𝑥 + 4 2 − 39 = 0 𝑥 + 4 2 =
39

2
→ → (𝑥 + 4) = ±

39

2
→ 𝑥 = ±

39

2
− 4

𝑥 =
39

2
− 4 = 0.42 and 𝑥 = −

39

2
− 4 = −8.42 The equation has 2 distinct real roots.

𝒑 =
𝒃

𝟐𝒂

=
 (16)

2(2)
= 4

𝒒 = 𝒄 −
𝒃𝟐

𝟒𝒂

= −7 −
(16)2

4(2)

= −39

𝒂(𝒙 + 𝒑)𝟐 + 𝒒 = 𝟎 

2(𝑥 + 4)2 + −39 = 0
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Example Solve the following equation by completing the square.

4𝑥2 +
1

4
= 2𝑥

4𝑥2 − 2𝑥 +
1

4
= 0

𝑎 = 4

𝑏 = −2

𝑐 = +
1

4

4(𝑥 − (
1

4
))2 + 0 = 0 𝑥 −

1

4

2

=
0

4
→ → (𝑥 −

1

4
) = ± 0 → 𝑥 = ±0 +

1

4

𝑥 = 0 +
1

4
= 0.25 and 𝑥 = 0 +

1

4
= 0.25 The equation has 1 real root.

( repeated root)

𝒑 =
𝒃

𝟐𝒂

=
 (−2)

2(4)
=

−1

4

𝒒 = 𝒄 −
𝒃𝟐

𝟒𝒂

=
1

4
−

(−2)2

4(4)

= 0

𝒂(𝒙 + 𝒑)𝟐 + 𝒒 = 𝟎 

4(𝑥 + (
−1

4
))2 + 0 = 0
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Example Solve the following equation by completing the square.

2𝑥2 + 3𝑥 + 7 = 0

2𝑥2 + 3𝑥 + 7 = 0

𝑎 = 2

𝑏 = 3
𝑐 = 7

2 𝑥 +
3

4

2

+
47

8
= 0 𝑥 +

3

4

2

=
−

47
8

2
→ → (𝑥 +

3

4
) = ± −

47

16
→

Negative numbers

 do not have square roots.

This equation has no roots.

𝒑 =
𝒃

𝟐𝒂

=
(3)

2(2)
=

3

4

𝒒 = 𝒄 −
𝒃𝟐

𝟒𝒂

= 7 −
(3)2

4(2)

=
47

8

𝒂(𝒙 − 𝒑)𝟐 + 𝒒 = 𝟎 

2(𝑥 +
3

4
)2 +

47

8
= 0
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The quadratic formula is used to solve quadratic equations of the form  𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎 where a, b 

and c are constants. The formula is:

𝒙 =
−𝒃 ± 𝒃𝟐 − 𝟒𝒂𝒄

𝟐𝒂

The general steps to solve a quadratic by using the quadratic formula as follows:

1 If necessary, rearrange the quadratic into the form 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎 

2 Use the quadratic formula to find the roots of the equation.

𝒙 =
−𝒃 ± 𝒃𝟐 − 𝟒𝒂𝒄

𝟐𝒂

Quadratic formula
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Example Solve the following equation by using the quadratic formula

2𝑥2 − 9𝑥 = 5

Step 1 If necessary, rearrange the quadratic into the form 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎 

2𝑥2 − 9𝑥 = 5 2𝑥2 − 9𝑥 − 5 = 0

𝑎 = 2

𝑏 = −9
𝑐 = −5

Step 2 Use the quadratic formula to find the roots of the equation.

𝒙 =
−𝒃 ± 𝒃𝟐 − 𝟒𝒂𝒄

𝟐𝒂

𝑥 =
−(−9) ± (−9)2−4(2)(−5)

2(2)

𝑥 = 5

𝑥 =
−1

2
=  −0.5

Two distinct roots
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Example Solve the following equation by using the quadratic formula

9𝑥2 + 1 = 6𝑥

Step 1 If necessary, rearrange the quadratic into the form 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎 

9𝑥2 + 1 = 6𝑥 9𝑥2 − 6𝑥 + 1 = 0

𝑎 = 9

𝑏 = −6
𝑐 = +1

Step 2 Use the quadratic formula to find the roots of the equation.

𝒙 =
−𝒃 ± 𝒃𝟐 − 𝟒𝒂𝒄

𝟐𝒂

𝑥 =
−(−6) ± (−6)2−4(9)(1)

2(9)
𝑥 =

1

3

𝑥 =
1

3
𝑥 =

6 ± 0

2(9)

One real root 

(repeated root)
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Example Solve the following equation by using the quadratic formula

𝑥 − 2𝑥2 = 1

Step 1 If necessary, rearrange the quadratic into the form 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎 

𝑥 − 2𝑥2 = 1 −2𝑥2 + 𝑥 − 1 = 0

𝑎 = −2

𝑏 = 1
𝑐 = −1

Step 2 Use the quadratic formula to find the roots of the equation.

𝒙 =
−𝒃 ± 𝒃𝟐 − 𝟒𝒂𝒄

𝟐𝒂

𝑥 =
−(1) ± (1)2−4(−2)(−1)

2(−2)

𝑇ℎ𝑒 𝑠𝑞𝑢𝑎𝑟𝑒 𝑟𝑜𝑜𝑡 𝑜𝑓
 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑛𝑢𝑚𝑏𝑒𝑟𝑠

 𝑖𝑠 𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑.

𝑥 =
−1 ± −7

−4
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Example Solve the following equation by using the quadratic formula

𝑥 − 2𝑥2 = 1

Step 1 If necessary, rearrange the quadratic into the form 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎 

𝑥 − 2𝑥2 = 1 −2𝑥2 + 𝑥 − 1 = 0

𝑎 = −2

𝑏 = 1
𝑐 = −1

Step 2 Use the quadratic formula to find the roots of the equation.

𝒙 =
−𝒃 ± 𝒃𝟐 − 𝟒𝒂𝒄

𝟐𝒂

𝑥 =
−(1) ± (1)2−4(−2)(−1)

2(−2)

𝑇ℎ𝑒 𝑠𝑞𝑢𝑎𝑟𝑒 𝑟𝑜𝑜𝑡 𝑜𝑓
 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑛𝑢𝑚𝑏𝑒𝑟𝑠

 𝑖𝑠 𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑.

𝑥 =
−1 ± −7

−4

This equation 

has no real roots.

When using calculators, you may encounter two types of errors:
syntax errors and math errors.

A syntax error occurs when the calculator is unable to interpret the input you have 
given it. 
This can happen when you enter an expression that is not well-formed, such as 
forgetting to close a parenthesis or using an operator in the wrong order.

A math error occurs when the calculator is unable to perform a mathematical 
operation. 
This can happen when you attempt to divide by zero, take the square root of a 
negative number, or perform some other operation that is undefined or outside the 
calculator’s capabilities.
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Example
Solve the following equation:

2

𝑥 + 2
+

3

2𝑥 − 1
= 1

2

𝑥 + 2
×

2𝑥 − 1

2𝑥 − 1
+

3

2𝑥 − 1
×

𝑥 + 2

𝑥 + 2
= 1

2(2𝑥 − 1)

(𝑥 + 2)(2𝑥 − 1)
+

3(𝑥 + 2)

(2𝑥 − 1)(𝑥 + 2)
= 1

2 2𝑥 − 1 + 3(𝑥 + 2)

(𝑥 + 2)(2𝑥 − 1)
= 1

2 2𝑥 − 1 + 3(𝑥 + 2)

(𝑥 + 2)(2𝑥 − 1)
× (𝑥 + 2)(2𝑥 − 1) = 1 × (𝑥 + 2)(2𝑥 − 1)

To adding fractions, need to same denominator 

(common denominator).

To remove the denominator, multiply both sides by 

the denominator.

4𝑥 − 2 + 3𝑥 + 6 = 2𝑥2 − 𝑥 + 4𝑥 − 2

7𝑥 + 4 = 2𝑥2 + 3𝑥 − 2

0 = 2𝑥2 + 3𝑥 − 2 − 7𝑥 − 4

2𝑥2 − 4𝑥 − 6 = 0 𝑥 =
−(−4) ± (−4)2−4(2)(−6)

2(2)

𝑥 = −1

𝑥 = 3
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Example
Solve the following equation:

𝑥

𝑥 + 2
=

3

𝑥 − 6

To remove the denominators, multiply both sides by 

the denominators.

𝑥

𝑥 + 2
× (𝑥 + 2) × (𝑥 − 6) =

3

𝑥 − 6
× (𝑥 + 2) × (𝑥 − 6)

𝑥2 + 2𝑥 = 3𝑥 + 6

𝑥2 + 2𝑥 − 3𝑥 − 6 = 0

𝑥2 − 𝑥 − 6 = 0

𝑥 = 3

𝑥 = −2

𝑥 =
−(−1) ± (−1)2−4 1 (−6)

2(1)𝑎
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Solve quadratic equations 
by factorisation, completing the square and 

by use of the quadratic formula
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